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Future civil air vehicles are likely to feature propulsion systems which are more closely integrated with 
the airframe. For a podded underwing conﬁguration, this close coupling is expected to require non-
axisymmetric design capabilities for the aero-engine exhaust system. This work presents the development 
of a novel parametric representation of non-axisymmetric aero-engine exhaust system geometries based 
on Intuitive Class Shape Transformation (iCST) curves. An exhaust design method was established and 
aerodynamic analyses of a range of non-axisymmetric conﬁgurations was demonstrated. At typical ﬂight 
conditions, the introduction of non-axisymmetric separate-jet nozzles was shown to increase the engine 
net propulsive force by 0.12% relative to an axisymmetric nozzle.
© 2019 Rolls-Royce plc. Published by Elsevier Masson SAS. This is an open access article under the CC 
BY license (http://creativecommons.org/licenses/by/4.0/).1. Introduction
The reduction of engine speciﬁc fuel consumption (SFC) is a 
major focus in the design and development of aero-engines: the 
aerodynamic performance of the exhaust system is central to this 
aim. Future engines are expected to operate with low Fan Pres-
sure Ratios [1], high bypass ratios (BPR) [2] and low speciﬁc thrust 
in order to increase propulsive eﬃciency and hence reduce spe-
ciﬁc fuel consumption (SFC) [3]. As a result of these changes in 
operating point, the overall engine eﬃciency for future engine con-
ﬁgurations will become more dependent upon the aerodynamic 
performance of the exhaust system [4].
The primary aim of much of the previous research into single 
stream non-axisymmetric exhaust nozzles is on the enhancement 
of jet mixing [5–7] with multiple applications to military aircraft 
demonstrated [8–10]. For civil applications the focus of previous 
non-axisymmetric separate-jet nozzle studies has been on jet noise 
reduction: examples include chevron nozzles [11], elliptical core 
nozzles [12], elliptical bypass nozzles [13] and deﬂection of the 
bypass jet with nozzle guide vanes [14]. However, the impact of 
non-axisymmetric designs on the aerodynamic performance of a 
separate-jet exhaust nozzle has not yet been reported in the open 
literature.
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for civil aircraft may be required to facilitate the integration of an 
engine onto an airframe. The installation of a conventional pod-
ded engine onto an aircraft is known to increase drag [15,16] and 
the aerodynamic design of the nacelle can reduce such interfer-
ence [17,18]. Furthermore, as future aero-engines are expected to 
feature an increase in engine fan diameters, it is likely that fu-
ture engine installation positions are to be closer to the wing. As 
a result, the trailing edge of the bypass nozzle may need to be 
non-circular to achieve a required local clearance between the en-
gine and airframe. Moreover, non-axisymmetric nozzles provide a 
way to mitigate adverse three-dimensional ﬂow features as well as 
accommodating close coupled integration between the engine and 
the aircraft wing.
The ability to perform effective aerodynamic shape optimisa-
tion is heavily dependent upon the method which is used to 
control the geometry [19]. One increasingly ﬂexible method for 
the parameterisation of aerofoils is the Class Shape Transforma-
tion (CST) approach proposed by Kulfan [20,21]. Moreover, mul-
tiple studies have been conducted which perform aerodynamic 
shape optimisation with a CST based parameterisation approach 
[22–24]. The CST method was extended by Zhu et al. [19] to pro-
duce the intuitive Class Shape Transformation (iCST) approach. The 
iCST approach has been successfully applied to the parameterisa-
tion of various aero-engine aerodynamic shapes such as intakes 
[25], nacelles [26–29] and separate-jet exhaust nozzles [4,30,31]. 
While methods for the generation of axisymmetric aero-engines ccess article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Roman symbols
eˆx, eˆr, eˆψ Cylindrical unit vectors
dA Inﬁnitesimal surface element parallel to surface . . m2
dS Inﬁnitesimal surface element normal to surface . . . m2
V Velocity vector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ms−1
m˙ Mass ﬂow rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg s−1
φnac∗ Modiﬁed nacelle drag . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N
Ar iCST shape function coeﬃcients
C(ψ) iCST class function
CV ∗ Modiﬁed velocity coeﬃcient
FG Gauge stream force . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N
H(ψ), (ψ), E(ψ) iCST analytical spatial functions
Kr,n Binomial coeﬃcients
n Order of a curve or system
Ni
ψ
Number of control points for the ith distribution
Nd Number of distributions
NP Fc Corrected net propulsive force . . . . . . . . . . . . . . . . . . . . . . . N
p Static pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
qinf Freestream dynamic pressure . . . . . . . . . . . . . . . . . . . . . . . Pa
S(ψ) iCST shape function
V Ideal Fully expanded isentropic nozzle velocity . . . . . . m s−1
x, r,ψ Cylindrical co-ordinates. . . . . . . . . . . . . . . . . m, m, degrees
Greek symbols
ψ Non-dimensional azimuthal angle
φ Force in the drag domain . . . . . . . . . . . . . . . . . . . . . . . . . . . . N
ρ Density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kgm−3
τ Local shear stress . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N
θ Force in the thrust domain . . . . . . . . . . . . . . . . . . . . . . . . . . N
υ A generic geometric parameter
υoffset iCST offset normal to the abscissa
ϒ j Azimuthal control pointsexhaust nozzles have been successfully developed [4,30,31], these 
CST based methods have not previously been extended for the de-
sign of non-axisymmetric exhaust nozzle conﬁgurations.
Although research has been conducted into the effects of non-
axisymmetric exhaust geometries on noise propagation and jet 
mixing, the current literature does not adequately address how 
exhaust system performance may be altered by the introduction 
of non-axisymmetric design features. The primary aim of this 
work is to establish an iCST based design methodology for non-
axisymmetric separate-jet exhaust nozzles. In order to achieve this 
aim, two novel contributions to the ﬁeld of aero-engine exhaust 
system design are presented. Firstly, the development of an iCST 
based fully parametric, intuitive and analytical approach to the de-
sign of non-axisymmetric separate-jet exhaust systems. Secondly, 
the evaluation of aerodynamic performance of non-axisymmetric 
exhaust system design features for high BPR aero-engine architec-
tures.
2. Methodology
The methodology of this paper is split into three main com-
ponents: the generation of non-axisymmetric engine geometries 
(Section 2.1), the production of suitable computational meshes 
(Section 2.3) and the evaluation of the engine and nozzle aero-
dynamic performance metrics (Section 2.2).
2.1. Geometry generation
2.1.1. Overview
An aero-engine geometry can be represented by a set of 
two-dimensional aerolines which are deﬁned in a cylindrical co-
ordinate system (xeˆx , reˆr , ψ eˆψ ). These aerolines can be split into 
three sets which correspond to the engine intake, nacelle and 
exhaust system (Fig. 1). The set of design variables which are 
used to deﬁne the intake, nacelle and exhaust aerolines in this 
two-dimensional representation are reported by Christie [25], Hei-
debrecht [26] and Goulos et al. [4] respectively. The geometry gen-
eration method outlined in this work creates non-axisymmetric ge-
ometries through an extension of the two-dimensional approaches. 
A three-dimensional geometry is generated by constructing mul-
tiple two-dimensional aerolines in the eˆx − eˆr plane at multiple 
azimuthal angles (ψ ).
To construct multiple aerolines around the azimuth each design 
variable must be speciﬁed as a function of ψ . Previous studies into non-axisymmetric exhaust nozzles predominantly incorporate az-
imuthal variations through the elliptical variation of trailing edge 
radii [12,13]. Within this work the azimuthal variation of every de-
sign parameter is controlled with iCST curves. The method allows 
for a much larger range of geometries to be created as there is no 
requirement to follow an elliptical variation. A particular strength 
is that this increased freedom does not come at a cost of sacriﬁcing 
an analytical formulation, which ensures a deterministic relation-
ship between the input variables and resultant geometric outputs.
The geometry generation process developed within this paper 
ﬁrstly deﬁnes how each design parameter varies with the az-
imuthal angle (ψ ). iCST curves are generated for each geometric 
design variable as a function of the azimuthal angle ψ . With each 
nozzle annuli deﬁned, the bypass and core nozzle geometric exit 
areas are calculated with the rolling ball method [32]. Each nozzle 
exit geometric area is adjusted iteratively through variations of the 
axial and radial positions of either the inner or outer nozzle an-
nuli until the desired geometric exit area is met. With each of the 
design variables speciﬁed as a function of ψ and the exit annuli 
sized correctly, iCST curves for each aeroline in the local eˆx − eˆr
plane are constructed (Fig. 1).
2.1.2. Azimuthal variation of design variables
In order to deﬁne multiple aerolines around the azimuth, all of 
the design variables which are required to deﬁne an aeroline in 
the corresponding eˆx − eˆr plane must be speciﬁed as a function 
of ψ . Example of such variables include the radii which deﬁne 
each nozzle annulus (routB P−exit , r
in
B P−exit , r
out
C R−exit , r
in
C R−exit denoted 
in Fig. 1). The azimuthal variation of each variable is treated in the 
same manner and as such this section considers a generic design 
variable (υ) which is to be deﬁned around the engine annulus i.e. 
between ψ of 0◦ and 360◦ . The general form of an iCST function 
(υ(ψ)) over the normalised space ψ ∈ (0, 1) is given in Eq. (1).
υ(ψ) = C(ψ)S(ψ) + ψυoffset (1)
The symbol C(ψ) denotes the class function, S(ψ) denotes the
shape function (which is a nth order Bernstein polynomial deﬁned 
in Eq. (2)) and υoffset is an offset normal to the abscissa [4]. The 
class function can take different functional forms depending on 
the application. However, within this work a class function of unity 
was used (C(ψ) = 1) such that, in conjunction with a shape func-
tion of unity, a uniform azimuthal distribution would be produced.
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n∑
r=0
{Ar Kr,nψr(1− ψ)n−r} (2)
Kr,n = n!
r!(n − r)! (3)
The symbol Kr,n denotes the binomial coeﬃcients (Eq. (3)) and 
Ar denotes weighting factors which are applied to the rth binomial 
coeﬃcient. With a class function of unity the shape function along 
with its ﬁrst and second derivatives can be expressed by Eq. (4), 
(5) and (6) [4] where Hr,n(ψ), r,n(ψ) and Er,n(ψ) are deﬁned in 
Eq. (7), (8) and (9) [4].
υ(ψ) =
n∑
r=0
{Ar Kr,nHr,n(ψ)} + ψυoffset (4)
υ(ψ)′ =
n∑
r=0
{Ar Kr,nr,n(ψ)} (5)
υ(ψ)′′ =
n∑
r=0
{Ar Kr,nEr,n(ψ)} (6)
Hr,n(ψ) = ψr(1− ψ)n−r (7)
r,n(ψ) = r(ψr−1)(1− ψ)n−r − ψr(n − r)(1− ψ)n−r−1 (8)
Er,n(ψ) = r(r − 1)ψr−2(1− ψ)n−r − 2rψr−1(n − r)(1− ψ)n−r−1
+ ψr(n − r)(n − r − 1)(1− ψ)n−r−2
(9)
To deﬁne υ(ψ) a set of boundary conditions must be speciﬁed 
over the normalised ψ space. The Bernstein polynomial weights, 
Ar, r = 1, ..., r = n − 1, can be calculated based on these bound-
ary conditions. The weights are calculated through the solution of 
a (n − 1) by (n − 1) system of linear equations derived from Eq. 
(4), (5) and (6). The order of the system is determined by the 
number of boundary conditions deﬁned. The resultant weighting 
coeﬃcients uniquely satisfy the imposed boundary conditions.
A boundary condition, herein referred to as a control point and 
denoted with the symbol ϒ, must specify υ , or one of its deriva-
tives, at a given value of ψ . For example, ϒ(0) = 1 denotes that 
the resultant iCST curve for υ must have a value of 1 at ψ = 0. 
The distribution of υ(ψ) is controlled by ﬁve parameters: N , the 
number of control points over the normalised ψ space; ψ j , the lo-
cation of the jth control point along the ψ axis; ϒ j , the value of 
the geometric parameter at ψ j ; ϒ
′
j , the gradient at ψ j and ϒ
′′
j , the 
second derivative at ψ j . At each control point any combination of 
ϒ j , ϒ′ and ϒ′′ can be deﬁned. To ensure positional, gradient and j jcurvature continuity around the annulus, the values of ϒ, ϒ′ and 
ϒ′′ , respectively, must be equal at the 0th and Nth control points.
As the number of control points used to deﬁne υ increases, 
so to does the order of the resultant iCST distribution [25,26]. Al-
though such a high order iCST may be necessary to meet a given 
set of constraints, it may lead to oscillatory behaviour in υ , υ ′ , 
υ ′′ and hence curvature 
(
υ ′′
(1+υ ′2)1.5
)
. From an aerodynamic de-
sign viewpoint, it is essential that the curvature of a geometric 
entity is easily controlled through the parametric geometry gen-
eration method. This is of paramount importance in regions that 
are subject to transonic ﬂow, as variations in curvature can lead to 
unnecessary ﬂow accelerations and various associated loss mecha-
nisms. Furthermore, with the existing formulation of the proposed 
method it is not possible to localise variations in υ , i.e. changes in 
the any of Bernstein coeﬃcients (Ar, r = 1, ..., r = n − 1) will lead 
to variations in υ throughout the normalised ψ space.
These issues can be alleviated through the division of υ into 
Nd separate iCST curves over the normalised ψ space (Eq. (10)). 
Where Nd is the number of iCST distributions which υ is to be 
split into. This split allows regions of the normalised ψ space to be 
controlled independently of one another. To ensure continuity up 
to the second derivative (υ ′′) the following conditions are placed 
on the control points: ϒi(ψ i) = ϒi−1(ψ i), ϒ′i(ψ i) = ϒ′i−1(ψ i) and 
ϒ′′i (ψ i) = ϒ′′i−1(ψ i) where i refers to the ith iCST distribution.
υ(ψ) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
υ0(ψ) for 0< ψ < ψ0
υ1(ψ) for ψ0 < ψ < ψ1
...
υi(ψ) for ψ i−1 < ψ < ψ i
(10)
To illustrate the beneﬁts of splitting the distribution of υ con-
sider an example where the desired azimuthal distribution of υ is 
to be split into three distinct sections (Fig. 2). Section 1 ranges 
from ψ = 0 to ψ = 0.33 and has a peak υ value of 0.33 at 
ψ = 0.167. Section 2 ranges from ψ = 0.33 to ψ = 0.66 and is 
to have a constant value of υ . Section 3 is to vary from ψ = 0.66
to ψ = 1 and is to have a minimum υ value of 0.5 at ψ = 0.767. 
The ﬁrst and second derivatives of υ with respect to ψ are re-
quired to be zero at ψ = 0, 0.33, 0.66 and 1.0. For this example 
over the region of ψ from 0 to 1 a total of 14 control points are 
required (shown as circles in Fig. 2): 6 in ϒ, 4 in ϒ′ and 4 in ϒ′′ . 
An iCST distribution for υ to match these constraints can be cre-
ated with a single high order iCST curve between ψ or by splitting 
into multiple lower order iCST curves.
To meet the constraints of this example with a single iCST, a 
13th order curve is required. With a single iCST it is not possible 
to maintain a constant value of υ across the region of 0.33 < ψ <
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0.66 as an inﬂection point is introduced at ψ = 0.5 (dotted line 
in Fig. 2). In addition, the peak value requirements of υ in the 
region of 0 < ψ < 0.33 and the minimum value of υ in the region 
of 0.66 < ψ < 1 have not been met. This example highlights how 
a high order iCST curve leads to oscillatory values of υ and its 
derivatives. If the variation of υ is split (as outlined in Equation 
10) into three distributions (Nd = 3), ψ0 = 0.33, ψ1 = 0.66, ψ2 =
1.0 then the desired variation of υ can be achieved (solid line in 
Fig. 2). As a result of the split iCST υ0 is an 6th order iCST curve, 
υ1 is a linear iCST curve with zero curvature and υ2 is an 6th
order iCST curve (Fig. 2).
In contrast to a single iCST, the derivatives of υ produced by 
a split iCST method are no longer mathematically smooth over 
the normalised ψ space. However, the derivative to which a con-
tinuous function is produced is set by the highest derivative of 
the control point at the boundary of each distribution, which in 
this example was υ ′′ . The ability to split the azimuthal varia-
tion into multiple distributions is desirable mathematically as it 
can prevent the oscillatory behaviour associated with high order 
polynomial curves and it is also desirable aerodynamically as it 
provides greater control of curvature over the normalised ψ space. 
In summary, the parameters that are used to control the azimuthal 
distribution of υ are:
• Nd – The number of distributions into which the variation of 
υ will be split into.
• Ni – The number of control points deﬁned for the ith distri-
bution
• ϒij – The jth value of the imposed generic design variable in 
the ith distribution
• ϒi′j – The imposed gradient of the jth generic design variable 
in the ith distribution
• ϒi′′j – The imposed second derivative of the jth generic design 
variable in the ith distribution
2.2. Thrust and drag bookkeeping
The thrust and drag bookkeeping method and engine station 
numbering system (Fig. 3) presented are based on well-established methods [33]. Each wall force is calculated from a CFD solution 
through the integration of pressure and shear terms (Eq. (11)). 
Moreover, each force can also be resolved into the drag direction 
which is aligned with the freestream ﬂow (denoted with eˆD in 
Fig. 3). In addition to the wall forces, it is necessary to calculate 
the gauge stream forces (FG given by Eq. (12)) at various engine 
stations.
φx, θ x =
∫∫
sur f ace
((p − patm)eˆx · dS+
∫∫
sur f ace
τ eˆx · dA (11)
F xG =
∫∫
Area
(ρ |V|V · eˆx + (p − patm))dS · eˆx (12)
At typical cruise conditions, the engine net propulsive force 
(NP F D deﬁned in Eq. (13) where the superscript D denotes that 
the force has been resolved into the eˆD direction) serves as a met-
ric for the overall aerodynamic performance of an aero-engine. The 
NP F D can be broken down into the modiﬁed gross propulsive 
force (GP F D∗ Eq. (14)), which accounts for the thrust domain, and 
the (φDnac∗ Eq. (15)) which accounts for the drag domain. The term 
φDnac∗ has been evaluated with the modiﬁed near ﬁeld method [34].
NP F D = GP F D∗ − F DG0 − φDnac∗ (13)
GP F D∗ = F DG19 + F DG9 + θ Dcc + θ Dplug (14)
φDnac∗ = φDpre + φDcowl (15)
A quantitative measure for the aerodynamic performance of an 
exhaust system is provided by the velocity coeﬃcient. The modi-
ﬁed velocity coeﬃcient (CDV ∗ Eq. (16)) is deﬁned as the ratio of the 
actual gross propulsive force generated from the exhaust system to 
the thrust which would result from the fully-expanded jet veloc-
ities (Videal deﬁned in [4]) and the mass ﬂow rates derived from 
the CFD calculation.
CDV ∗ =
GP F D∗
m˙7V ideal9 + m˙13V ideal13
(16)
For a given exhaust system design, the mass ﬂow rates which 
are discharged through the bypass and core nozzles are a direct 
result of the CFD analysis and hence are not known a priori. As a 
result of this mass ﬂow rate imbalance (m˙2 = m˙7 + m˙13) the en-
gine NP F computed based strictly on CFD results is no longer 
a valid measure of engine performance. Within this context, cor-
rected gross and net propulsive forces have been deﬁned (G P F D∗c
and NP F Dc deﬁned in Eqs. (17) and (18) respectively). The val-
ues of bypass and core mass ﬂow rates chosen (m˙C ycle7 and m˙
C ycle
13 ) 
were determined from the engine thermodynamic cycle analysis. 
This method works under the assumption that any changes to CDV ∗
and φDnac∗ due to the discrepancy between the CFD and cycle by-
pass and core nozzle mass ﬂow rates are negligible.
GP F D∗c = CDV ∗(m˙C ycle7 V ideal7 + m˙Cycle13 V ideal13 ) (17)
NP F Dc = GP F D∗c − F DG0 − φDnac∗ (18)
2.3. Computational ﬂuid dynamic method
The aerodynamic performance of an engine geometry is as-
sessed through the use of Computational Fluid Dynamics (CFD). 
Thus approach has been validated against experimental data by Ot-
ter et al. [35]. An implicit density based compressible solver [36]
with second order upwind spatial discretisation scheme was used 
for solve the governing conservation equations. The k − ω Shear 
Stress Transport (SST) [37] model was implemented to close the 
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system of equations. The initial cell height normal to each viscous 
wall surface was set to ensure that the non-dimensional wall dis-
tance was less than one and hence wall functions were not used. 
The ideal gas law was used as the equation of state for the work-
ing ﬂuid and an eighth order polynomial expression was used to 
model the speciﬁc heat capacity as a function of static tempera-
ture [38]. Sutherland’s law was used to calculate dynamic viscosity 
[39].
The computational domain (Fig. 4a) featured a spherical pres-
sure far-ﬁeld boundary condition to model freestream conditions. A 
pressure outlet boundary condition was used to model the fan face 
and pressure inlets were used to model the bypass and core nozzle 
inlets. Total temperature and total pressure were speciﬁed on each 
pressure outlet and inlet face. Based on the exhaust nozzle mod-elling guidelines outlined by the AIAA Propulsion Aerodynamics 
Workshop [40], a turbulent intensity of 5% and turbulent viscos-
ity ratio of 1 was applied at the inlet of both the fan and core 
streams. A static pressure boundary was used at fan face pressure-
outlet to achieve a given fan mass ﬂow rate. Each engine aeroline 
was modelled as a viscous adiabatic wall. To quantify the effect 
of the computational domain on the nozzle performance metrics 
three different diameters for the spherical domain were investi-
gated. Domains diameters of 60D, 80D, and 100D were chosen 
where D was the maximum diameter of the engine nacelle. At a 
freestream Mach number of 0.85 a decrease of 0.01% in CDV ∗ (Eq. 
(13)) was observed between the 60D and 80D domains. Between 
the 80D and 100D the decrease in CDV ∗ was 0.005%. Similarly, val-
ues of 0.56% and 0.27% were found for the φDnac∗ . As a result the 
100D domain size was used for all of the computations in this 
study.
Each engine conﬁguration was meshed with a fully structured 
multi-block approach [41]. The resultant mesh consisted of 11 mil-
lion hexahedral elements with an example surface mesh shown in 
Fig. 4b. A total of three mesh resolutions with a domain size of 
100D were investigated such that grid independence could be as-
sessed through the calculation of a Grid Convergence Index (GCI) 
[42,43]. The ﬁrst cell height remained ﬁxed across all the meshes 
investigated. The element count for the coarse, medium and ﬁne 
meshes was 6.3 million, 8.2 million and 11.2 million respectively. 
The GCI for CDV ∗ and φDnac∗ were found to be 0.02% and 0.3% re-
spectively. All of the computations presented within this work are 
based on the mesh sizing from the ﬁne mesh (11.2 million ele-
ments) as, for the metrics of interest, it has displayed monotonic 
behaviour with mesh reﬁnement and lead to small values of GCIs.
3. Results and discussion
The conﬁgurations presented within this section were designed 
to have a BPR above 15, to cruise at a freestream Mach number 
of 0.85 with a rated cruise standard net thrust of approximately 
60 kN. The bypass nozzle operated with a pressure ratio of 2.2 and 
the core nozzle with a pressure ratio of 1.6. Two example design 
cases have been investigated (Table 1). Case A represents a de-
sign where, due to installation requirements, the topline value of 
routB P−exit (ψ = 0◦) has to be reduced in order to achieve a required 
local clearance between the engine and airframe. Case B represents 
an elliptical type design whereby both the top and bottom line 
routB P−exit (ψ = 0◦ and ψ = 180◦) have been reduced relative to the 
sideline (ψ = 90◦). Such an elliptical style case may be considered 
in an attempt to reduce jet noise [12,13]. For Case A, azimuthal 
variation of routB P−exit was controlled by the value of r
out
B P−exit at 
ψ = 0◦ . For Case B azimuthal variation of routB P−exit was controlled 
by values of routB P−exit at ψ = 0◦ and ψ = 180◦ . For both cases the 
value of routB P−exit at ψ = 0◦ and ψ = 180◦ where varied as a ra-
tio of the value of routB P−exit at ψ = 90◦ (Table 1). This radius ratio 
( r ◦ ) was varied between 0.95 and 1.025.r(ψ=90 )
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Matrix of bypass nozzles designs investigated.
Radius ratio
Case
routB P−exit (ψ=0◦)
routB P−exit (ψ=90◦)
routB P−exit (ψ=180◦)
routB P−exit (ψ=90◦)
A 0.95,0.975,1,1.025 1
B 0.95,0.975,1,1.025 0.95,0.975,1.0,1.025
3.1. Engine geometries
For Case A there should not be any variation in routB P−exit be-
tween ψ = 90◦ to 270◦ (Fig. 5a). In order to prevent such varia-
tions between ψ = 90◦ to 270◦ three iCST distributions were used
to control routB P−exit (Fig. 5c). The ﬁrst distribution controlled the re-
gion from ψ = 0◦ to 90◦ , the second controlled the region of zero 
curvature from ψ = 90◦ to 270◦ and the ﬁnal distribution from 
ψ = 270◦ to 360◦ . To deﬁne these distributions four constraints 
were speciﬁed in each of routB P−exit , r
out′
BP−exit and r
out′′
BP−exit at ψ = 0◦ , 
ψ = 90◦ , ψ = 270◦ and ψ = 360◦ (Fig. 5c). Note that the con-
straints placed at ψ = 360◦ are included to ensure continuity of 
routB P−exit , r
out′
BP−exit and r
out′′
BP−exit . As a result of these constraints, the 
ﬁrst and third distributions formed 5th order iCST curves. Without 
the division into three separate iCST distributions it would not be 
possible to ensure zero curvatures between ψ = 90◦ and ψ = 180◦ .
With the azimuthal variation of routB P−exit speciﬁed the separate-
jet exhaust system can now be designed. The developed method-ology is suﬃciently ﬂexible to enable two methods for afterbody 
design to be employed. For the ﬁrst method the afterbody exit 
annuli are circular (Fig. 5a) with each radius scaled in order to 
achieve the desired nozzle exit ﬂow area. In contrast, the afterbody 
exit annuli for the second method follow a scaled non-circular 
distribution based on routB P−exit (Fig. 5b). The full afterbody design 
process is outlined hereafter: ﬁrstly, the azimuthal distribution of 
routB P−exit is speciﬁed, after which r
in
B P−exit (circular or non-circular) 
was varied iteratively until the desired bypass nozzle exit area was 
met. The core nozzle outer radius (routC R−exit ) was set based on the 
conical core cowl angle and core cowl length (as deﬁned in [4]). 
For all designs within this paper the core cowl angle and length 
were kept constant around the azimuth and hence routC R−exit fol-
lowed the same azimuthal variation as rinB P−exit . Finally, the value 
of the core nozzle inner radius (rinC R−exit ) was iterated upon un-
til the target core nozzle area was met. For the circular afterbody 
case, there was a reduction in rinB P−exit , and hence r
out
C R−exit , relative 
to the axisymmetric case in order to match the bypass nozzle exit 
area requirement (Fig. 5a). Furthermore, rinC R−exit was also reduced 
in order to meet the target core nozzle exit area (Fig. 5a). For the 
non-circular afterbody design there is no circumferential variation 
of any radii between ψ = 90◦ and 270◦ as the nozzle area require-
ments were met through radial variations between ψ = 270◦ and 
90◦ (Fig. 5b).Fig. 5. Geometry deﬁnition for case A.
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curvature has been relaxed to demonstrate the choices available 
to an aerodynamic designer. A single iCST was used to control 
routB P−exit from ψ = 0◦ to 360◦ . A total of ﬁve constraints were ap-
plied to each of routB P−exit and r
out′
BP−exit at ψ = 0◦ , ψ = 90◦ , ψ =
180◦ , ψ = 270◦ and ψ = 360◦ (Fig. 6c). Furthermore, two con-
straints were applied in rout′′BP−exit at ψ = 0◦ and ψ = 360◦ (Fig. 6c) 
and as a result an 11th order iCST curve was produced. As was 
the case with case A two different methods for afterbody design 
were applied and can be seen in Figs. 6a and 6b for a radius 
ratio of 0.95. Due to the reduced value of routB P−exit around the an-
nulus, a substantial change in rinB P−exit , r
out
C R−exit and r
in
C R−exit can 
be observed relative to the axisymmetric case in order to meet 
the nozzle exit area requirements (Fig. 6a). For the non-circular 
afterbody design, rinB P−exit , r
out
C R−exit and r
in
C R−exit were set to fol-
low the same azimuthal variation in radius as routB P−exit . Overall, 
these sample cases illustrate a potential design requirement for a 
non-axisymmetric exhaust system and are appropriate examples to 
highlight the capability of the current method.
3.2. The effect of non-axisymmetric nozzle design on net propulsive 
force
In order to represent a typical cruise ﬂight condition, each case 
was computed with a freestream Mach number of 0.85 at a typ-
ical engine cruise incidence (α deﬁned in Fig. 3) of 3 degrees. 
Quantiﬁcation of the impact of each design on the aerodynamic performance of the engine is provided by a percentage change () 
relative to the axisymmetric baseline (Fig. 7). The most important 
metric is the corrected net propulsive force (NP F Dc deﬁned in Eq. 
(18)) as this accounts for the aerodynamic performance in both 
the thrust and drag domains. Note that changes in modiﬁed na-
celle drag (φDnac∗ deﬁned in Eq. (15)) and corrected gross propulsive 
force (GP F D∗c deﬁned in Eq. (17)) are reported as percentage val-
ues of the axisymmetric NP F Dc such that they are in a common 
currency. In order to contextualise the subsequent results it should 
be noted that an increase of 0.1% in net propulsive force approxi-
mately equates to reduction of 0.1% in S F C .
Furthermore, the aim of this work is to demonstrate the 
method for the design of general non-axisymmetric exhausts. This 
could be to accommodate other installation requirements such as 
physical size, wing-pylon clearance and engine mounting systems. 
Therefore, the immediate effect on the exhaust system perfor-
mance and NP F Dc may not be the dominant term in overall sys-
tem. For example, the work of Daggett [44] highlighted the com-
plex, multi-disciplinary nature of some aspects of propulsion inte-
gration. Within this context, it is useful to have a design method 
that can facilitate non-axisymmetric exhaust systems. Similarly, 
within the context of the overall system performance, it is useful 
to understand the aerodynamic changes, either positive or nega-
tive, that can arise from potentially necessary non-axisymmetric 
requirements associated with the installation of the aero-engine.
For case A a reduction in routB P−exit at ψ = 0◦ was detrimental 
to NP F Dc relative to the axisymmetric case (Fig. 7a). The afterbody 
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D
nac∗ (b) and GP F D∗c (b) with routB P−exit ψ = 0◦ and 
routB P−exit ψ = 180◦ .
design approach has a large impact on this reduction in NP F Dc . For 
example, at a radius ratio of 0.95 the non-circular afterbody design 
reduced NP F Dc by 0.03% compared to the circular case which has 
a 0.26% reduction in NP F Dc . From this it can be concluded that 
if routB P−exit is to be reduced at ψ = 0◦ , then to minimise losses in 
NP F Dc , a non-circular afterbody design approach should also be 
employed. For a radius ratio of 0.95 both afterbody design cases 
from Case A are detrimental in terms of nozzle performance, as 
shown by negative values GP F D∗c (Fig. 7b). Conversely, a beneﬁt 
to nacelle performance is observed at a radius ratio of 0.95, as 
shown by a reduction of φDnac∗ and hence negative values of φDnac∗
(Fig. 7b). However, NP F Dc is negative for both of these designs as 
the beneﬁcial reduction in modiﬁed nacelle drag is outweighed by 
the penalising decrease in nozzle performance.
At a radius ratio of 1.025 NP F Dc is positive for both afterbody 
design methodologies from Case A (Fig. 7a). However, with a radius 
ratio of greater than one the circular afterbody design was shown 
to be favourable in terms of NP F Dc , a change relative to the ax-
isymmetric design of 0.11% compared to 0.03% was found (Fig. 7a). 
This increase in NP F Dc arises due to a positive GP F
D∗c (Fig. 7b) 
for a relatively small increase in φDnac∗ (Fig. 7b).
For the designs of case B the opposite trend in terms of radius 
ratio and NP F Dc was observed. For example, with a radius ratio of 
less than 1 an increase in NP F Dc occurs and at radius ratios greater 
than one a decrease in NP F Dc occurs. For example, at a radius ratio 
of 0.95 an increase of 0.12% and 0.10% was found for the non-
circular and circular afterbody designs respectively. This increased 
NP F Dc arises as, compared to Case A, the Case B design displays 
a larger reduction in drag φDnac∗ (−0.42% compared to −0.15%), 
whilst the penalty to nozzle performance remains roughly constant 
(GP F D∗c values of −0.31%). In other words, for a constant nozzle 
performance the nacelle performance has improved. However, at a 
radius ratio of 1.025, NP F Dc reduced by 0.09% for both the circular Table 2
Summary of best performing non-axisymmetric designs.
Case Radius ratio Afterbody type NP F Dc (%)
B 0.95 Non-circ 0.13
A 1.025 Circ 0.12
B 0.95 Circ 0.11
and non-circular afterbody designs respectively. This demonstrates 
how for NP F Dc cases B were relatively insensitive to afterbody de-
sign compared with case A.
From the two case studies investigated in this section it 
has been shown that at typical cruise ﬂight conditions non-
axisymmetric bypass nozzles can lead to variations of NP F Dc be-
tween 0.13% and −0.28%. If the trailing edge of the nacelle topline 
(routB P−exit(ψ = 0◦)) is required to be smaller that the sideline radius 
(routB P−exit(ψ = 90◦)) then a non-circular afterbody design should be 
employed to minimise losses to NP F Dc . Conversely, if the afore-
mentioned topline radius is to be greater than one then a circular 
afterbody design should be implemented to improve NP F Dc rela-
tive to axisymmetric case. Furthermore, a reduction of routB P−exit at 
ψ = 0◦ and ψ = 180◦ was shown to be beneﬁcial to NP F Dc ow-
ing to a reduction in the modiﬁed nacelle drag (φDnac∗) by 0.4%. The 
designs from the above study which showed the greatest improve-
ment to NP F Dc are summarised in Table 2. These results indicate 
that if, for mechanical reasons, routB P−exit is required to be reduced 
at the topline then the bottomline radius should also be modi-
ﬁed reduced in order to maximise the engine NP F Dc (following 
the design of Case B). If the value of routB P−exit at the topline is re-
quired to be larger, then the bottomline radius should remain ﬁxed 
and circular afterbody should be employed (following the design 
of Case A).
3.3. The effect of non-axisymmetric nozzle design on modiﬁed nacelle 
drag
The results from the previous section demonstrated that a re-
duction of both the top and bottom line nacelle trailing edge radius 
(as per Fig. 6a) led to an increase in of NP F Dc up to 0.12% rela-
tive to an axisymmetric engine. The main cause of this increase 
in NP F Dc was due to a reduction in modiﬁed nacelle drag (φ
D
nac∗). 
This drag reduction can be visualised through the evaluation of the 
local surface force coeﬃcient resolved in the drag direction (
φDlocal
qinf
, 
Eq. (19))
φDlocal
qinf
= ((p − patm)eˆD · dˆS+ τ eˆD · dˆA (19)
Before examining the local surface force distributions, the static 
pressure coeﬃcient (Cp ) around the azimuth of the axisymmet-
ric nacelle at an incidence of 3◦ should be considered (Fig. 8). 
Due to the incident ﬂow onto the nacelle, a greater amount of 
suction is observed at the topline (ψ = 0◦) of the nacelle com-
pared to the bottomline (ψ = 180◦), with peak Cp values of −0.8
and −0.4 respectively. At axial locations downstream of 0.2 x/Lnac
the static pressure coeﬃcient can be seen to increase around the 
azimuth. Moreover, azimuthal variations in static pressure further 
downstream of 0.5 x/Lnac can be seen to reduce (Fig. 8). At the 
trailing edge of the nacelle a uniform Cp value of 0.2 is observed 
around the annulus.
Figs. 9a to c show the difference between the local surface force 
for the axisymmetric case and the non-axisymmetric case under 
examination (
φDlocal(axi)
qinf
-
φDlocal(non−axi)
qinf
) around the nacelle azimuth. 
With this deﬁnition, a positive value denotes a reduction of drag 
for the non-axisymmetric case and hence increase in net propul-
sive force. Note that in Figs. 9a to c it is the relative magnitude of 
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α = 3◦ and M0 = 0.85.
the local surface force between each plot that is important, rather 
than the absolute magnitude. The results from a radius ratio of 
0.975 are not presented as the major aerodynamic features are the 
same for both radius ratios of 0.95 and 0.975.
Firstly, consider the difference in the local nacelle surface force 
between case B with a radius ratio of 0.95 and the axisymmetric 
baseline case at an incidence of 3◦ (Fig. 9a). Note that the local 
surface plot of Case B with a non-circular afterbody design is not 
presented in Fig. 9 as there are no signiﬁcant differences when 
compared to the circular case. Along the forebody of the nacelle 
(from x/Lnac = 0.0 to x/Lnac = 0.37) the local surface force is very 
similar between the two cases and hence 
φlocalcowl(axi)
qinf
− φlocalcowl(non−axi)qinf is 
broadly equal to zero (Fig. 9a). At the axial location of maximum 
radius (x/Lnac = 0.53) the non-axisymmetric case shows a peak 
increase in drag between ψ = 0◦ and 60◦ and ψ = 110 and 180. 
However, along the afterbody of the nacelle (from x/Lnac = 0.7 to 
the trailing edge at x/Lnac =1.0) there is region of decreased drag 
relative to the axisymmetric case. When these local changes are 
integrated over the entire nacelle the net effect is a reduction in 
the modiﬁed nacelle drag for the non-axisymmetric case relative 
to the axisymmetric case.
Between ψ = 0◦ and 60◦ the local surface force distribution of 
case A with a radius ratio of 0.95 is very similar to that of case 
B (Fig. 9b compared to Fig. 9a). For case A there is no region of 
increased drag at x/Lnac = 0.53, ψ = 180◦ as the bottom line ge-
ometry is the same as the axisymmetric case. That also means that 
for case A the region of reduced nacelle drag (from x/Lnac = 0.7 to 
the trailing edge at x/Lnac and between ψ = 110◦ and 180◦) is no 
longer present. Therefore, case A exhibits a reduction in NP F Dc as 
the drag penalty at x = 0.53 between ψ = 0◦ and 60◦ is therefore 
not avoided.The variations in local surface force presented in Fig. 9 are dom-
inated by changes to static pressure, as the viscous contribution 
to modiﬁed nacelle drag was found to be constant across the de-
signs investigated. Therefore, reductions in modiﬁed nacelle drag 
arise due to an increase in static pressure along the afterbody of 
the nacelle. Such an increase in static pressure at the trailing edge 
of the nacelle is achieved through a reduction in the curvature of 
the post-exit streamline. The best example of this is mechanism is 
shown by the variation of modiﬁed nacelle drag between a circular 
and non-circular afterbody for case A (Figs. 9b and c).
For case A the design approach employed for the nozzle af-
terbody was shown to impact NP F Dc by +0.24% with a radius 
ratio of 0.95. For a circular afterbody the penalty in NP F Dc was 
0.31% and for the non-circular afterbody the penalty was 0.07% 
(Fig. 7). The origin of this increase in NP F Dc can be observed 
when 
φDlocal(axi)
qinf
− φDlocal(non−axi)qinf is examined for the circular and non-
circular cases (Figs. 9b and 9c). Whilst the overall shape of the 
φDlocal(axi)
qinf
− φDlocal(non−axi)qinf distributions is broadly the same for the 
two nozzle designs, the magnitude of the drag reduction on the 
nacelle afterbody is higher for the non-circular case. This is shown 
by the peak value of 
φDlocal(axi)
qinf
− φDlocal(non−axi)qinf on the nacelle from 
x/Lnac = 0.7 to x/Lnac = 1.0. The circular case had a peak value of 
0.0075, with the non-circular case displaying a peak value of 0.01. 
This demonstrates that with a constant nacelle design, alterations 
to the exhaust afterbody effect the static pressure along the nacelle 
afterbody through variation in post-exit streamline curvature.
In a similar manner to Fig. 9, the variation in local surface force 
around the nacelle azimuth for designs with a radius ratio of 1.025 
are shown in Fig. 10. As previously, Case B with a non-circular 
afterbody is not presented as the local force distribution was very 
similar to the case with a circular afterbody. All of the designs pre-
sented in Fig. 10 were found to have an increase modiﬁed nacelle 
drag compared to the axisymmetric baseline case and this increase 
can be observed through the local surface force distributions. Com-
pared to the designs which employed radius ratios of 0.95, the 
topology of the local surface distribution is very similar but the 
polarity of the surface force change has been reversed. For exam-
ple, Case B with a radius ratio of 1.025 and a circular afterbody 
design displays an increase in drag around the entire azimuthal 
along the afterbody of the nacelle (x/Lnac = 0.8 to 1.0) whereas 
with a radius ratio of 0.95 a reduction in drag was found over the 
same region (Fig. 10a compared to 9a). This increased drag arises 
due to a reduction in static pressure over the afterbody as the vis-
cous force terms remained constant between the axisymmetric and 
non-axisymmetric designs. Furthermore, a region of drag reduc-
tion is present around the midbody of the nacelle (x/Lnac = 0.35
to 0.75) around the entire azimuth, but this drag reduction is not 
suﬃcient to outweigh the penalising effect on the afterbody of the 
nacelle.
For the Case A designs (Figs. 10b and c), the largest magnitude 
of the modiﬁed drag penalty associated with the increased radius 
ratio is located between ψ = 0◦ and ψ = 60◦ from x/Lnac = 0.8 to 
1.0. As was the case for the radius ratio 0.95 case, the use of a non-
circular afterbody design increases the magnitude of this change 
to the local surface force. Along the forebody of the nacelle (from 
x/Lnac = 0 to 0.4) all three of the 1.025 radius ratio designs ex-
hibit a negligible change in surface force. The analysis of the local 
surface force suggests that the aerodynamic mechanism respon-
sible for the changes to the modiﬁed nacelle drag is common to 
designs which feature both increases and decreases in radius ra-
tio. Although all the designs with a radius ratio of 1.025 incur a 
penalty in modiﬁed drag, it should be noted that the Case A with 
both exhaust afterbody design produce an increased NP F Dc rela-
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φDlocal(axi)
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− φDlocal(non−axi)qinf over the nacelle for three different bypass nozzle designs. Positive values (red) denote a reduction in drag for the 
non-axisymmetric case, and negative values (blue) denote an increase in drag relative to the axisymmetric nacelle. Engine-only conﬁguration at α = 3◦ and M0 = 0.85. (For 
interpretation of the colours in the ﬁgure(s), the reader is referred to the web version of this article.)tive to the axisymmetric baseline due to the increased values of 
GP F Dc∗ .
4. Conclusion
This paper has presented a novel design and analysis method 
for non-axisymmetric aero-engine exhaust systems. A fully para-
metric and analytical approach to the design of non-axisymmetric 
separate-jet exhaust systems has been established based on intu-
itive class shape transformation functions. The approach has been 
used to generate a range of exhaust geometries with azimuthal 
variation of multiple nozzle design parameters controlled by intu-
itive design variables. Furthermore, the design methodology out-lined is suﬃciently robust such that it can be deployed in an 
automated design space exploration environment.
At typical cruise conditions, the introduction of azimuthal vari-
ations to the bypass nozzle outer radius was shown to alter engine 
net propulsive force between 0.12% and −0.28% relative to an ax-
isymmetric nozzle design. From this study, the best performing 
design featured a reduction of the topline and bottomline bypass 
nozzle outer radius by 5% relative to the sideline radius. The ma-
jor beneﬁt to net propulsive force due to non-circular bypass and 
core nozzles was manifested through a reduction in modiﬁed na-
celle drag. This curtailment of modiﬁed nacelle drag arose due to 
a reduction in the post-exit streamline curvature and a concurrent 
increase in static pressure on the nacelle afterbody. As such, it can 
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φDlocal(axi)
qinf
− φDlocal(non−axi)qinf over the nacelle for three different bypass nozzle designs. Positive values (red) denote a reduction in drag for the 
non-axisymmetric case, and negative values (blue) denote an increase in drag relative to the axisymmetric nacelle. Engine-only conﬁguration at α = 3◦ and M0 = 0.85.be concluded that the proposed design and analysis method rep-
resents an enabling technology for the design and installation of 
future high bypass ratio aero-engines.
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